Using lunar seismological data, constraints have been proposed on the available parameter space of macroscopic dark matter (macros). We show that actual limits are considerably weaker by considering in greater detail the mechanism through which macro impacts generate detectable seismic waves, which have wavelengths considerably longer than the diameter of the macro. We show that the portion of the macro parameter space that can be ruled out by current seismological evidence is considerably smaller than previously reported, and specifically that candidates with greater than or equal to nuclear density are not excluded by lunar seismology.
I. INTRODUCTION
If General Relativity is correct, then dark matter constitutes most of the mass density of the Galaxy. Yet, decades after the case for dark matter became compelling [1] and widely accepted (although see [2] ) we still do not know what it is. The most widely considered and searched for candidates are new particles not found in the Standard Model of particle physics, such as the generic class of Weakly Interacting Massive Particles (WIMPs) (especially the Lightest Supersymmetric Particle) and axions.
In this paper, we consider instead a class of macroscopic dark matter (macros) candidates. The theoretical motivation for this stems originally from the work of Witten [3] , and later, more carefully Lynn, Nelson and Tetradis [4] . Macroscopic objects made of baryonic matter with sizable "strangeness"(i.e. many of the valence quarks are strange quarks, rather than the usual up and down quarks found in protons and neutrons) may be stable, and may have been formed before nucleosynthesis [3, 4] , thus evading the principal constraint on baryonic dark matter. The appeal of such a dark matter candidate is that there would be no need to invoke the existence of new particles to explain the observed discrepancy between gravitational masses and luminous masses in galaxies.
Observational limits on such macroscopic dark matter have been obtained by several groups over the years. Some of these have been specific to the original "strange matter" paradigm, while others have been more phenomenological. Recently, one of us, with colleagues, presented a comprehensive assessment of limits on such macros as a function of their mass and cross-section [5] , identifying specific windows in that parameter space that were as yet unprobed. We later refined those in [6] . An interesting window identified there was for macros with masses of greater than about 55g, and densities that included nuclear density. This is shown in Figure 3 of [5] reproduced here as Figure 1 .
In [5] , no mention was made of seismological bound on macros -obtained by considering the effects of macros striking the Earth or Moon -even though these could conceivably have intruded into the open window identified above 55g. Here we justify that caution, reconsidering the seismological signals that could be observed when such a dark matter candidate impinges on the Moon, and finding that the signal (and hence the limits on macro abundance) had been overestimated.
It has been suggested [7] that the energy deposition into the 1 Hz range from a nuclearite (nucleardensity macro) impact on the Moon or Earth should be approximately 5% of the total energy deposition. This, as shown in section II A, is a sizable overestimate even compared to our own purposefully generous estimate. We produce a more accurate model of the seismic effects of macro impacts, including in our model the effects of geometric lensing, stratification of the Moon, anelastic attenuation, and geometric attenuation. The most important consideration is that even a sizable mass macro is very small compared to the multi-kilometer wavelengths of seismic waves that propagate unattenuated through the Moon or Earth. The production of detectable longwavelength seismic waves is therefore highly suppressed relative to short-wavelength waves.
For the balance of this paper, we focus on the Moon, rather than the Earth, as the target system. Unlike the Earth, the Moon is seismically quiet. Most internal seismological activity in the Moon originates from deep Moonquakes, which are very attenuated by the time they reach the surface. Figure 3 of [5] . "Constraints on the macro cross section and mass (assuming the macros all have the same mass), applicable for both elastically-and inelasticallyscattering candidates. In red are the femto-and microlensing constraints, while in grey are the CMB-inferred constraints (see [5] for references). The black and green lines correspond to objects of constant density 1g/cm 3 and 3.6 × 10 14 g/cm 3 , respectively. Black hole candidates lie on the magenta line, however, these may be ruled out for other reasons (see [5] for references); objects within the hatched region in the bottom-right corner should not exist as they would simply be denser than black holes of the same mass."
Most of the noise in lunar seismograms comes from meteoroids, but meteoroid impacts are for the most part easily identifiable as such. This allows us to place constraints on the macro flux from the total seismic event rate. A more sensitive search for macro impacts could seek, as Teplitz et al. have [7] , to identify the distinctive linear morphology of seismic events that a macro would cause as it bored straight through the target at high velocity (typically hundreds of km/s). We look forward to that in a future paper.
The result of the current analysis is an upper bound on the event rate that would have been measured by the Apollo lunar seismometers that substantially weakens the previously reported macro bound. In particular, we find that macros of nuclear or greater density are not constrained by lunar seismic data.
II. THE SEISMIC SOURCE

A. Seismic Wave Generation
Once a macro hits the Moon it can suffer a variety of fates. If it is comparable in density to ordinary matter, then, like a meteoroid, it will deposit all of its kinetic energy over a small distance and result in an impact crater at the lunar surface. Here, we are more interested in macro candidates that are much denser, probably comparable to nuclear density, striking the Moon with an impact speed characteristic of relative orbital speeds in the Milky Way (several hundred km/s). This is far in excess of the speed of sound in rock, which is just a few km/s.
A precise evaluation of the seismic signal resulting from such an impact would require detailed modeling of the response of lunar rocks to the passage of a hypersonic dense projectile. We will attempt below to put an upper limit on the strength of that seismic signal, and thereby demonstrate that it is difficult to place strong limits on macros from lunar seismology. We will therefore consistently overestimate the seismic signal.
Because of the hypersonic impact of the macro, we expect a good model of the initial effect of its passage through the rock to be the instantaneous heating of all the rock in a column swept out by the cross-section σ X of the macro. We approximate this as each atom of rock material acquiring a random velocity approximately equal in magnitude to the impact velocity of the macro. The macro therefore deposits energy along a straight line through the Moon at a rate
A macro of mass M X will therefore traverse the Moon without significant deceleration if
where ρ Moon is the appropriately averaged lunar density and 2R Moon is the lunar diameter. For the balance of this paper, we will take equation (2) to apply, unless specifically noted. This energy deposition transforms the impacted rock into a column of ionized plasma, and initiates an outward propagating melt front. We show in appendix A below that for the macro cross-sectional areas of interest to us, the melt front either advances subsonically immediately, or at best the transition from supersonic to subsonic propagation occurs marginally outside the macro radius. Once the velocity of the melt front becomes subsonic, a seismic wave, sourced by the overpressure interior to the melt front, will begin to propagate radially outward ahead of the melt front.
Initially the outgoing wave will be non-linear, and will likely also result in the fracturing of the rock. Eventually, the pressure amplitude of the wave will fall below p 0 , the maximum differential pressure that the rock in this region can support elastically. From this time forward, we can treat the outgoing seismic wave as an ordinary linear wave.
We begin by estimating the energy carried in that outgoing wave. Taking the column of overpressured melted rock to be instantaneously generated, the resulting overpressure will be radially symmetric and of the form
where 0 < f (r) < 1. The overpressure extends over the entire length of the column (− /2 < z < /2) over some range of radii a < r < b. After a short time, the pressure will remain in this cylindrically symmetric form (at least away from the lunar surface), since the inhomogeneity of the Moon (and hence of the development of the evolving pressure distribution) is significant only on scales of tens or hundreds of kilometers. The energy of a seismic p-wave is
where u is the displacement field, and ρ, λ, µ are the density and Lamè coefficients respectively. For pwaves, p = −K∇ · u where K is the bulk modulus. We can rewrite (4) in terms of the Fourier transform of p(r). To leading order in kb this is
where k is the magnitude of the wave-vector, θ is the angle the wave-vector makes with the tube axis, and
where
for any choice of
The seismometers that were left on the Moon by the Apollo astronauts, and which functioned until being decomissioned in 1977, were sensitve at frequencies up to 20 Hz to displacements as small as 0.3 nm [8, 9] . The detectable energy is therefore
The initial pressure profile is probably determined by the details of the initial macro-induced plasma, and the subsequent outward propagation of a melt front. As described above, once that front propagates out subsonically, a seismic p-wave will travel outward from the column of molten rock. Initially, however, the overpressures in the wave may be outside the linear regime for the rock elasticity. As the pressure wave propagates outward, it is attenuated until the pressure differential is within the linear regime.
The macro travels hypersonically and will generate a shock wave. Shock waves typically evolve to pressure fronts resembling a right triangle [10] , i.e. f = (r − r 0 ) /∆r where a = r 0 and b = r 0 + ∆r. We adopt this shape also for its simplicity, in the expectation that the specific shape is unlikely to grossly alter the conclusions. In this case f 1 (x) = (2x − 3r 0 ) /6∆r and
The total energy of the pressure wave is (from (4))
Some of that energy would be lost to structural changes to the rock, such as melting and breaking. The non-linear regime is characterized by faulting and fracturing. Brittle failure for granite occurs at a stress exceeding 3 × 10 8 Pa [11] , which is much less than the initial overpressure that the macros will leave behind in their melt tubes. By ignoring dissipation during the non-linear evolution of the seismic waves, we will, as intended, overestimate the energy that would reach the seismometers. Overestimating the signal, we set E = ρσ X v 2 X ≡ , take p 0 = min 10 8 Pa, p source , and obtain an expression for r 0 , which demarcates the end of the non-linear regime:
The fraction of the original deposited energy detectable to seismometers is thus
A lower bound on r 0 is 0, corresponding to linear behavior from the start. (Actually, the lower bound is σ X /π), but the difference is negligible.) This, in turn, imposes an upper bound on the pulse width
When ∆r is restricted to its physical range, Ξ is a monotonic decreasing function in ∆r. Thus
It is important to note that these expressions only hold for k(r 0 + ∆r) 1, however they will always provide an over-estimate of the fraction of detectable energy. Moreover, this condition holds for a wide variety of relevant parameters. Taking ρ = 3.3 × 10 3 kg m −3 , v X = 2.5×10 5 m s −1 , κ = 5.5×10 10 Pa, and k = 1.5 × 10 −2 m −1 [12] , we obtain Ξ < 4.5 × (σ X /cm 2 ). To obtain the 0.05 that Teplitz et al. used, one must take σ X > 10 −2 cm 2 , which is rather large [13] (cf. Figure 1) .
The choice of p 0 = 10 8 Pa does significantly impact our result; ultimately the measured displacements we calculate will be inversely proportional to p 0 . Our choice of p 0 , however, is well below the overpressure corresponding to the boundary between linear and non-linear elasticity in the Moon. As the ambient pressure on a sample of rock increases, so too does p 0 [14] [15] [16] . We have taken p 0 to be a factor of 3 below that of granite with a modest 50 MPa overpressure [11] . In reality, p 0 is probably, on average, orders of magnitude larger than we claim it to be because the ambient pressure in the Moon is on the order of GPa rather than MPa. This is one more way in which we overestimate the seismic signal.
To our knowledge, no measurements probe the elastic behavior of rock at these high pressures. Note also that this choice of p 0 corresponds to r 0 on the order of 1 km, which well exceeds the regime of nonlinearity we would have expected based on the solutions to the heat equation (Appendix A).
III. SEISMIC WAVE PROPAGATION
The
where θ is the polar angle of the ray measured from the center of the Moon, and p ray is the ray parameter, which is fixed along any given ray trajectory. These equations can be integrated with the above v(r) to obtain, for some constants q and θ 0 ,
The Moon, like the Earth, is stratified. At each boundary, a ray will be reflected and transmitted. We assume for simplicity that the reflection and transmission coefficients are frequency independent. While this may lead to either an overestimate or an underestimate of the signal, the net effect of these reflections and transmissions on the limit is small, and so their frequency dependence is unlikely to spoil the overall point.
The last effect to account for is anelastic attenuation (i.e. absorbtion), characterized by the quality factor Q, which depends on both frequencey and r For a given mode, the ratio of final to initial amplitude is
The VPREMOON Model [12] provides piecewiseconstant data for Q, so it is reasonable to subdivide the Moon further into strata of different Q. For propagation within a given layer i, the factor D is given by ∆t i v i /Q i , where we take v i to be the average velocity within that stratum. For the case of the Moon (and the Earth), this is a good approximation, since v doesn't change significantly within a given layer of constant Q. Again, while this approximation may lead to either an overestimate or an underestimate of the signal, the net effect of the attenuation on the limit is small, because we are interested only in long wavelengthe modes which have less attenuation. Thus, the amplitude of a ray can be computed by knowing the two numbers
where T i are the reflection or transmission coefficients at boundary i on which the ray is incident.
IV. SEISMIC WAVE DETECTION
Consider a p-wave traveling towards positive x, and with amplitude that is non-zero only within some region S in the plane normal to to its motion. Denote A ≡ S dy dz, and let χ S be 1 on S and 0 elsewhere. The displacement field of the wave is
Its energy is
As before, we denote the energy in the low frequency spectrum
It follows that
and from the estimate above (16) |u( x, t)| ≤ (2πρv
In our case
No similar simple analytic expression emerges when E k includes the energies of two or more different rays, each with different attenuation factors. If attenuation were important, we could average D among the coincident rays and obtain an approximate upper bound on |u( x, t)|. However, since we only wish to consider the lowest frequency modes, f < 20 Hz, and Dk 1, so absorption does not significantly alter u. Taking kD = 0, the displacement caused by the incident p-wave is bounded above by
V. SIMULATION
In previous works (e.g. [7] ), homogeneous Earth and Moon models have been used to constrain the parameter space of macroscopic dark matter. This approach neglects the lensing that occurs because of the velocity gradient and the spherical boundaries of strata, as well as the energy losses from reflection and refraction across these boundaries. Here, we propagate rays, each carrying a fraction of the total energy deposited by the macro, from the macro's original line of impact to the boundary of the Moon. We then create an intensity map of the lunar surface for a representative sample of macro impacts. Finally, we convert the intensity maps to displacement maps, and using the sensitivity of the lunar seismometers, we obtain an average event rate that the lunar seismometers would measure.
A. Data Generation
We consider a macro trajectory that passes a distance D from the lunar center. The trajectory has some length L within the moon, which we sample at M points. From each point we propagate N randomly oriented rays, each endowed with energy
, where i ∈ {1, . . . , M } labels the points. We use the trajectories derived in section III to propagate the rays. Because of the approximation of spherical symmetry, each ray propagates in a plane.
Since the moon is stratified, we split the propagation of a ray at the boundary of each layer into a reflected and a transmit ray. During a ray's propagation through a given stratum, its time spent in that layer ∆t i , the attenuation factor in that layer D i , and the reflection/transmission coefficient T i are all recorded. Each time a ray reaches the surface of the Moon, its position, cumulative propagation time ∆t and other trajectory attributes are recorded. In this full model, it would take 16 iterations to propagate a ray from one side of the moon to the other. Since Q is nearly constant, we reduce the number of boundaries by taking Q = 6750. In this case, it takes 8 iterations to propagate through the Moon. We expect this to lead to an overestimate of the signal, since each encounter with a boundary reduces the amplitude of the wave that reaches the surface.
B. Data Analysis
To analyze the simulations, we convert the surface-incident ray position data to HEALPix pixelization [18] . (We use n side = 16). The area of a HEALPix pixel is A pix = 4πR 2 moon /n pix , where n pix = 12 × n 2 side . A seismic wave can therefore cross a HEALPix pixel on the surface in t crossing A pix /πv 2 surface . According to [12] , v surface 1 km s −1 . Rays that reach a surface pixel within t crossing of one another are taken to add constructively.
We distribute the energy of each ray evenly over its pixel, and thus set A (as in equation (17) and following) equal to A pix . This is a good approximation when N = n pix , since the average angular separation of the rays at the source corresponds to the average angular separation of the HEALPix pixels. We omit the effects of anelastic attenuation, as inspection of the propagation data showed that typically kD 10 −2 for the frequencies of interest in the Moon.
Using (22), we compute an upper bound for the displacement within a given surface pixel, and compare that to the sensitivity of the lunar seismometers given in [8] . If the calculated displacement is less than the seismometer sensitivity, then the seismic wave is considered undetectable in that pixel. The number of detectable pixels is divided by the total number of pixels to obtain the fraction F D of the lunar surface with a detectable signal for a macro making closest approach D to the lunar center.
It is unlikely that a macro impact will be detected if it only just exceeds the seismometer sensitivity in one seismometer. As the displacement approaches d min = 3×10 −10 m in a pixel with a seismometer, we should expect no chance of detection, while as d → ∞ the impact should always be detected. We model this by taking the probability of detecting a seismic signal with displacement ∆x i in the ith surface pixel (if it contains a seismometer) to be
Here p describes how the detection probability increases as the strength of signal increases. (For example, if ∆x = 4d min is q times as detectable as ∆x = 2d min , then p = ln √ q. ) Summing over all the pixels yields the effective number of pixels in which there exists a detectable signal
In the end, we take p → ∞ so as to, once again, overestimate the probability of detecting a lunar macro impact. This procedure is repeated for 20 values of the impact parameter D, evenly spaced by 85 km. The average number of pixels on which there exists a detectable signal is then
If there are n lunar seismometers (or tight clusters thereof), we suppose that each occupies one HEALPix pixel. If n + m ≥ n pix , then detection is guaranteed. Otherwise, if M macros impact the moon, the likelihood of any of them being detected is
P is a function of σ X , but not of M X
VI. RESULTS
We have taken p = ∞ in (24) when calculating m D , so as to overestimate the signal. The resulting detection probability versus macro cross-section is plotted in Figure 2 . A very good fit to the curve is
with σ 0 = 4.67 × 10 −7 cm −2 and σ 1 = 2.17 × 10 −8 cm −2 . There is thus a very clear transition around σ X 10 −7 cm 2 where the detection probability increases rapidly with increasing cross-section.
Using the computed detection probability P(σ X ), and the flux of macros impinging on the Moon
we can determine which values in the σ X vs. M X parameter plane could be excluded using the Apollo seismometer data. The reported rate of seismic events detected on the Moon by the four (clusters) of Apollo seismometers was 2500 events per year. Therefore a good approximation of the excluded region is
(If one had confidence that at most some fraction f of these could be macros, then for fixed M X one could improve the constraint on σ X but only by at most f 1/2 , due to the functional form of P(σ X ).) In figure 4 , we reproduce Figure (29) shaded blue. For M X > 2 × 10 4 g, the flux of macros is too low to give the observed seismic event rate; below the region, the energy deposited is too small for the events to be detected. Since our calculation assumed that the macro passed through the entire moon without significant slowing, it applies only for M X > σ X ρ Moon 2R Moon , which forms the upper boundary of the solid blue limit. However, for fixed M X , increasing σ X above M X /(ρ Moon 2R Moon ) seems unlikely to significantly reduce the signal, since the total energy deposited will remain fixed but along a shorter path, nearer the lunar surface. We thus expect the region above the solid blue region to be excluded as well, and cross hatch it in blue.
We emphasize that since we have consistently overestimated the detectability of the signal, the actual excluded region of parameter space lies above the shaded region (i.e. at higher σ X for any given M X ).
VII. CONCLUSION
We have considered more carefully than in the past the seismic signal generated by a macroscopic dark matter candidate incident on the Moon. We have found that the signal is weakened compared to prior expectations, in particular by the mismatch between the small size of the macro and the long wavelength of the modes that propagate largely unattenuated (and to which the lunar seismometers were Figure 3 of [5] with the maximum seismic "excluded" region added in blue. To the right of the blue region, the event rate is too low because the macro flux is too low; below the region, the signal strength is definitely too low. The excluded region is divided in two. In the solid blue colored region, our calculations apply. In the hatched blue region, the macro stops inside the moon and our calculations are not valid, but we expect this region is excluded as well. We note that the nucleardensity line lies outside the excluded region. Since we have consistently overestimated the signal, the true exclusion area from total lunar seismic rate must lie above the lower boundary of the blue shaded area.
sensitive). For macroscopic dark matter of density greater than or equal to approximately nuclear density we have found that one cannot infer limits from the existing data on the total lunar seismological event rate. The Earth and the Moon are ideal targets for looking for macros, whose vast surface area is difficult to improve upon. However, in order to forecast the sensitivity of future seismological searches, or to interpret future data, it will be necessary to markedly improve our understanding of how, and with what efficiency, macro kinetic energy gets transferred into detectable seismic waves.
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